In this paper, we show that the building at infinity of a two-dimensional affine Rbuilding is a generalized polygon endowed with a valuation satisfying some specific axioms. Specializing to the discrete case of affine buildings, this solves part of a long standing conjecture about affine buildings of type G 2 , and it reproves the results obtained mainly by the second author for types A 2 and C 2 . The techniques are completely different from the ones employed in the discrete case, but they are considerably shorter, and general (i.e., independent of the type of the two-dimensional R-building).
affine buildings of rank at least 4 [7] , both by Jacques Tits, the classification of 2-spherical twin buildings of rank at least 3 for which the rank 2 residues are not isomorphic to the "smallest spherical buildings of rank 2" by Bernhard Mühlherr [2] , and the classification of Moufang spherical buildings of rank 2 by Jacques Tits and Richard Weiss [8] . From geometric point of view, the buildings that only just fail the hypotheses of these theorems are important as well for several reasons. First of all, their existence proves that the assumptions of the classification theorems are necessary. Secondly, the structure of these exceptions is usually less restricted and hence it tells us in greater generality how buildings look like. Moreover, these buildings have geometric invariants and characteristic properties of their own which make them useful for a variety of other geometric or group theoretic applications. A standard example of this behaviour are the non-classical projective planes (which are spherical buildings of rank 2), in particular the translation planes and the associated spreads in projective space.
The subject of the present paper is related to affine buildings of rank 3. However, the original statement of the above mentioned classification theorem of affine buildings by Jacques Tits is slightly more general in that it also includes structures that very much look like affine buildings, but are not. These structures are called affine apartment systems ("systèmes d' appartements") by Jacques Tits, but later on people also called them nondiscrete affine buildings [4] or R-buildings. They recently received a renewed attention because they provide examples of CAT(0)-spaces.
In a series of rather long papers [9, 10, 11, 13, 1] , the second author (jointly with Guy Hanssens in the last quoted paper) investigates in detail two classes of rank 3 affine buildings (namely, those of type A 2 and those of type C 2 ) and characterizes the corresponding spherical buildings at infinity (which are projective planes and generalized quadrangles, respectively). This leads to many new examples of such affine buildings, explicitly defined and with knowledge of the automorphism groups. Originally, the characterization made use of the notion of a discrete valuation on the algebraic structures that coordinatize projective planes and generalized quadrangles, but in later papers [12, 14] , the valuation was defined directly on the geometry. The hope was that with such a direct definition, the case of type G 2 , which was the only remaining case, would become treatable with much less effort. One of the reasons why it did not is that, although the paper [12] provides the exact condition for a generalized hexagon with valuation, the lack of symmetry in the formulae prevents us from deducing a general formulae independent of the type, and hence from (1) further generalization to non-discrete valuations, and (2) composing a type-free proof.
In this paper, we start such a type-free approach, which ought to eventually lead to a characterization of all irreducible 2-dimensional affine apartment systems. In fact, we present half of such a characterization here. More in particular, we will show how any irreducible 2-dimensional affine apartment system gives rise to a generalized polygon with a specific valuation, by which we mean, with the terminology of [12] , an explicitly defined weight sequence. One of the crucial observations to achieve this is to slightly modify, or re-scale, the valuation as defined from a rank 3 affine building as defined in [14] . Indeed, roughly speaking, the valuation between two elements as defined in [14] counted the graph theoretic distance between two vertices in the simplicial complex related to the affine building. The purpose was to end up with a natural number. But taking the Euclidean distance instead will put much more symmetry into the picture, and at the same time we will have a closed formula for the weight sequences. Also the non-discrete case can clearly be included in a natural way. The fact that the discrete case enjoys a characterization as in [12] seems to be a happy coincidence in this viewpoint.
Preliminaries and Main Results

R-buildings
Let (W , S) be a finite irreducible Coxeter system. So W is presented by the set S of involutions subject to the relations which specify the order of the products of every pair of involutions. This group has a natural action on a vector space V of dimension |S|. Let A be the affine space associated to V . We define W to be the group generated by the translations of A and W . Let H 0 be the set of hyperplanes of V corresponding to the axes of the reflections in S and all its conjugates. Let H be the set of all translates of all elements of H 0 . The elements of H are called walls and the (closed) half spaces they bound are called half-apartments or roots. A vector sector is the intersection of all roots that (1) are bounded by elements of H 0 , and (2) contain a given point x that does not belong to any element of H 0 . The bounding walls of these roots will be referred to as the side-walls of the vector sector. A vector sector can also be defined as the closure of a connected component of V \ (∪H 0 ). Any translate of a vector sector is a sector, with corresponding translated side-walls. A sector-facet is an infinite intersection of a given sector with a finite number of its sidewalls. This number can be zero, in which case the sector-facet is the sector itself; if this number is one, then we call the sector-facet a sector-panel. The intersection of a sector with all its side-walls is a point which is called the source of the sector, and of every sector-facet defined from it.
An R-building (also called an affine apartment system) (definition by Jacques Tits as can be found in [4] by Mark Ronan, along with some historic background) is an object (Λ, F ) consisting of a set Λ together with a collection F of injections of A into Λ obeying the five conditions below. The image of A under a f ∈ F will be called an apartment, and the image of a sector, half-apartment, . . . of A under a certain f ∈ F will be called a sector, half-apartment, . . . of Λ.
) is closed and convex in A, and f | X = f ′ • w| X for some w ∈ W .
(A3) Any two points of Λ lie in a common apartment.
The last two axioms allow us to define a function d : Λ × Λ → R + such that for any a, b ∈ A and f ∈ F , d(f (a), f (b)) is equal to the Euclidean distance between a and b in A.
(A4) Any two sectors contain subsectors lying in a common apartment.
(A5') Given f ∈ F and a point α ∈ Λ, there is a retraction ρ : Λ → f (A) such that the preimage of α is {α} and which diminishes d.
We call |S|, which is also equal to dim A, the dimension of (Λ, F ). We will usually denote (Λ, F ) briefly by Λ, with slight abuse of notation.
A detailed analysis of this definition and variations of it has carried out by Anne Parreau in [3] . In particular, she shows that d is a distance function.
One can associate spherical buildings of type (W , S) to these R-buildings in two ways. The first way to do so is to construct the building at infinity. Two sector-facets of Λ will be called asymptotic if the distance between them is bounded. Due to the triangular inequality this is an equivalence relation. The equivalence classes (named facets at infinity) form a spherical building Λ ∞ of type (W , S) called the building at infinity of (Λ, F ). The chambers of Λ ∞ are the equivalence classes of asymptotic sectors. An apartment Σ of Λ corresponds to an apartment Σ ∞ of Λ ∞ in a bijective relation.
A second way to construct a spherical building is to look at the 'local' structure instead of the asymptotic one. Let α be a point of Λ, and F, F ′ two sector-facets with source α. Then these two facets will locally coincide if their intersection is a neighbourhood of α The following lemma by Anne Parreau will prove to be an important tool in our proofs.
Lemma 2.1 (Parreau [3] , Proposition 1.8) Let x be a chamber of the building at infinity Λ ∞ and C a sector with source α ∈ Λ. Then there exists an apartment Σ containing an element of the germ [C] α and such that Σ ∞ contains x.
This has also an interesting corollary. [3] , Corollary 1.9) Let α be a point of Λ and F ∞ a facet of the building at infinity. Then there is a unique facet F ′ ∈ F ∞ with source α.
Corollary 2.2 (Parreau
The unique facet of the previous corollary will be denoted as (
If the dimension of Λ is at least 3, then Λ ∞ is a spherical Moufang building and, in principle, Λ is known, see [7] . Hence, in this paper we will only deal with R-buildings of dimension 2, i.e., |S| = 2 and W is the dihedral group of order 2n, for some n ∈ N, n ≥ 3. So the building at infinity and the residues are generalized n-gons, in which we can discern two types of sector-panels, one called points P , the others lines L and an incidence relation I between both (the choice which type of sector-panels are the points or lines can be chosen arbitrarily). An element of a generalized polygon will just be any point or line. Collinearity and concurrency are defined in the usual way, adjacency is both of these relations barring equality. Roman letters will be used for elements of the building at infinity, Greek letters for points of Λ.
Let x, y be two adjacent elements of Λ ∞ and α ∈ Λ, then we denote the length (measured with the distance d) of the common part of the sector-panels x α and y α by u α (x, y). The mapping u α , defined on adjacent pairs of elements of Λ ∞ , has some properties very similar to that of a valuation in the sense of [14] . After we will have introduced these in subsection 2.3, we will be able to state our main result.
Generalized polygons
Generalized polygons are the geometries corresponding to the spherical rank 2 buildings. Since we will use some specific terminology of these geometries, we introduce this now.
A generalized n-gon, n ∈ N, n ≥ 2, or generalized polygon Γ = (P, L, I) is a structure consisting of a point set P , a line set L (with P ∩ L = ∅), and a symmetric incidence relation I between P and L, turning P ∪L into a bipartite graph G satisfying the following axioms.
(GP1) Every element is incident with at least two other elements.
(GP2) For every pair of elements x, y ∈ P ∪L, there exists a sequence x 0 = x, x 1 , . . . , x k−1 , x k = y, with x i−1 Ix i for 1 ≤ i ≤ k and with k ≤ n.
(GP3) The sequence in (GP2) is unique whenever k < n.
Axiom (GP3) implies that the smallest positive integer k for which there exists a sequence x 0 Ix 1 I · · · Ix k Ix 0 of k different points and lines is 2n. In this case, the subgeometry induced by these elements is an apartment of the generalized n-gon. If not all elements are distinct, but still k = 2n, then we will sometimes call the geometry induced by these elements a degenerate apartment.
Generalized polygons with (non-discrete) valuation
Let Γ = (P, L, I) be a generalized n-gon with point set P and line set L, and let u be a function called a valuation acting on both pairs of collinear points and pairs of concurrent lines, and images in R + ∪ {∞} (we use the natural order on this set with ∞ as largest element). Then we call (Γ, u) an n-gon with (non-discrete) valuation with weight sequence (a 1 , a 2 , . . . , a n−1 , a n+1 , a n+2 , . . . a 2n−1 ) ∈ (R + ) 2n−2 if the following conditions are met :
(U1) On each line there exists a pair of points p and q such that u(p, q) = 0 and dually for points.
(U2) u(x, y) = ∞ if and only if x = y.
(U3) u(x, y) < u(y, z) implies u(x, z) = u(x, y) if x, y and z are collinear points or concurrent lines.
One direct implication of (U3) is that u is symmetric (by putting x = z). Also remark that this definition is self-dual when interchanging lines and points, so whenever a statement is proven, we also have proven the dual statement. Finally, we note that, due to (U2), axiom (U4) is trivially satisfied whenever the x i , 1 ≤ i ≤ 2n, form a degenerate apartment.
The difference with the definition in [12] is that in the current definition, the element x 1 is arbitrary, while in [12] , x 1 was required to be a point. On the other hand, in [12] , the image of u had to be the natural numbers together with ∞. The main result of [12] says that, in this case, n ∈ {3, 4, 6}, the function u is also a valuation on the dual n-gon, and the weight-sequences are uniquely determined up to duality. These weight-sequences are, however, only self-dual if n = 3. Hence, only in the case n = 3, a valuation on an n-gon in the sense of [12] will be a valuation on an n-gon in the above sense. However, rescaling the valuation between lines by a factor √ 2 (multiplying or dividing according to the weight-sequence) for n = 4 turns the valuation on a 4-gon in the sense of [12] into a valuation on in the above sense. Similarly for 6-gons. Taking this rescaling into account, we see that the above definition is essentially a generalization of the definition in [12] . We will come back to this in more detail in Section 4, where we will show how our main result proves one direction of the conjectures stated in [12] and [14] .
Our main result reads:
Main Result
Main Result 1 Let (Λ, F ) be an R-building and α ∈ Λ. Then u α defines a valuation on Λ ∞ with weight sequence (a 1 , a 2 , . . . , a n−1 , a n+1 , a n+2 , . . . a 2n−1 ), where a i = | sin(iπ/n)|.
Proof of the main result
The first lemma deals with the exact shape of the intersection of two sectors with same source and sharing a sector-facet.
Lemma 3.1 Let C and C ′ be two sectors with the same source τ which share a sectorfacet F . Then the intersection of both is formed by the convex hull of F and the common part of the other two sector-facets of C and C ′ .
Proof. Take any apartment Σ containing C (and thus also τ ). If Σ contains C ′ then there is nothing left to prove. If this is not the case then there is a unique apartment Σ ′ ∞ at infinity containing C ′ and sharing a half-apartment with Σ ∞ . A remark in [3] (page 10) states that if two apartments share a half-apartment at infinity, they also do in the building itself. This implies the exact form of the intersection.
If C = C ′ , then such an intersection is called a chimney with source τ by Guy Rousseau ( [5] ). We refer to the width of the chimney as the distance between the parallel walls bordering it.
Corollary 3.2 Let r, s, t be elements of Λ ∞ such that rIsIt, and τ a point, then the width of the chimney defined as the intersection of the sector containing r τ and s τ , and the one containing s τ and t τ , is equal to sin(π/n)u τ (r, t).
Proof. Directly from the definitions and the previous lemma. Now let α be an arbitrary point of Λ and consider the mapping u α . The axiom (U1) will be satisfied because given an element x at infinity there is always an apartment containing x α where we can find the needed element y such that u α (x, y) = 0. The second axiom (U2) follows trivially and (U3) follows from the convexity of sector-panels.
The main difficulty is (U4). Let x 0 and x n be two opposite elements of Λ ∞ and M := (x 0 , x 1 , . . . , x n ) ∈ (P ∪ B) n+1 such that x 0 Ix 1 I . . . Ix n . We define the function
with β ∈ (x 0 ) α at distance l from α. If we can prove that f only depends on x 0 , x n and α, then we have proven (U4) and the main result (in view of the fact that (U4) is trivially in degenerate apartments).
Before we go on we need the notion of "distance in the residues". Let x and y be elements of Λ ∞ and β ∈ Λ. Then we define the residual distance d β (x, y) at β to be the distance between [x] β and [y] β as defined in the generalized n-gon [Λ] β (a point and an incident line are at distance 1, two collinear points are at distance 2, . . . ).
The next lemma investigates the local behaviour of the valuations.
Lemma 3.3 Let r, s, t be elements of Λ ∞ such that rIsIt, and β a point on (x 0 ) α with d(α, β) = l. Then there exists δ > 0 such that for any β ′ on (x 0 ) α with d(α, β ′ ) ∈ [l, l + δ], the following holds :
where ǫ is a constant equal to
Proof. Let C be the sector spanned by r β and s β and C ′ the one by s β and t β . Both these sectors have source β. Using lemma 2.1, we can find apartments Σ and Σ ′ containing C and an element of the germ [x 0 ] β , and C ′ and an element of the germ [x 0 ] β , respectively. Let δ be the length of (
The sectors C β ′ and C ′ β ′ with source β ′ now lie in the apartments Σ and Σ ′ , respectively.
Using the intersection of both apartments one can easily calculate that the width of the chimney defined by r, s and t with source at
) larger than the one with source β, with ǫ as in the table above. Using corollary 3.2 we now obtain the desired result.
As an immediate consequence of the previous lemma, we see that f is continuous.
Applying the previous lemma to the (finite number) of valuations occurring in the definition of f now implies that for every l ∈ R + there existsδ > 0 (the minimum occurring in the application to each valuation) and a l ∈ R such that f (l
. The next step in our proof is to show that a l only depends on x 0 , x n , α and l. One thing that is directly clear is that a l only depends on the distances d β (x 0 , x i ) with i ∈ {1, 2, . . . , n}, and on β on (x 0 ) α via d(α, β) = l. Because of this we can reduce this combinatorially as follows. Define the sequence (y 0 , y 1 , . . . , y n ), with y i := d β (x 0 , x i ), i ∈ {0, 1, 2, . . . , n}. This sequence consists of non-negative integers such that two consecutive ones differ by exactly one, and the extremities y 0 , which equals 0, and y n are constants. An entry different from the extremities with the property that both neighbours are strictly smaller will be called a peak ; if both neighbours are strictly larger, then we call the entry a valley. The sequence will determine the a l uniquely.
If two sequences produce the same a l we will say that they are equivalent. We now show that each sequence is equivalent to the unique sequence with no valleys, which will be called the standard sequence. Therefore we look at the sum χ of all the y i 's. The number χ is clearly an integer and bounded. Consider any sequence different from the standard sequence, then it has at least one valley, say at the entry y j = m. We now break the problem down to some different cases and show that in each case that the given sequence is equivalent with one obtained from the first one by replacing y j by y j +2. This equivalent sequence has larger sum, and because this sum is an integer and is bounded by the sum obtained from the standard sequence, recursion implies that all sequences are equivalent to the standard sequence. Note that j ≥ 2, so j − 2 is always well-defined.
In the following we will denote π/n by π n for ease of notation.
(i) Case (y j−2 , y j−1 , y j , y j+1 , y j+2 ) = (m + 2, m + 1, m, m + 1, m). So, as indicated above, we show that this is equivalent with (y j−2 , y j−1 , y ′ j , y j+1 , y j+2 ) = (m + 2, m + 1, m + 2, m + 1, m). Indeed, using the expression for a l from the definition of f and Lemma 3.3, we see that we must show
Indeed, we perform the following elementary calculations.
It follows that the two sequences are equivalent.
(ii) Case (y j−2 , y j−1 , y j , y j+1 , y j+2 ) = (m, m + 1, m, m + 1, m + 2). This is directly analogous to the previous case.
(iii) Case (y j−2 , y j−1 , y j , y j+1 , y j+2 ) = (m, m+1, m, m+1, m). Here, we show that this is equivalent with (y j−2 , y j−1 , y ′ j , y j+1 , y j+2 ) = (m + 2, m + 1, m + 2, m + 1, m). Indeed, as before, we must show that
This equality is the same as the one in Case (i), but with one term swapped from side. The same conclusion follows.
(iv) Case (y j−2 , y j−1 , y j , y j+1 , y j+2 ) = (m + 2, m + 1, m, m + 1, m + 2). Here we must show that
This equality is the same as in Case (iii) but with m substituted by −m − 2. Again the same conclusion follows.
(v) Case j = n − 1. In this case we can reuse the previous arguments by adding an extra element x n+1 Ix n with corresponding y n+1 := y n ± 1, and extending f with an extra coefficient sin(nπ/n)u β (x n−1 , x n+1 ) (which is zero anyway due to sin π = 0).
This proves that each sequence is equivalent to the standard sequence, and thus that all sequences are equivalent and a l only depends on x 0 , x n , α and l.
We now need an elementary result from analysis, which we prove for completeness' sake.
Lemma 3.4 If g is a continuous real function defined over R
)} as the set of "constant points". If an interval lies completely in Ψ, then g is constant over that interval because the preimage of the image of an element in such an interval is both open (due to the definition of constant points) and closed (because of continuity) in the connected interval. By using continuity, this is also true for the closure of an interval lying completely in Ψ. If the set R + \Ψ is non-empty, then it has an infimum t. Note that by assumption, there exists δ > 0 such that [0, δ[⊆ Ψ. Hence t > 0 and the interval [0, t[ lies completely in Ψ, implying that g is constant over [0, t] . But we also know that there exists δ ′ such that g is constant over [t, t + δ ′ ], so [0, t + δ ′ ] lies in Ψ. This contradicts the fact that t is an infimum. So Ψ = R + and g is constant over R + .
Lemma 3.5 There is an
Proof. Let i be minimum with respect to the property d α (x 0 , x i ) = i. It is clear that, if β ∈ (x 0 ) α , then d β (x 0 , x j ) = j for j < i (because the sectors spanned by x 0 till x j with source α form a part of an apartment and contain those with source β). Suppose there is no β ∈ (x 0 ) α such that also d β (x 0 , x i ) = i. In such a case we have that the function
is strictly positive for each β ∈ (x 0 ) α (because a zero value would imply that d β (x 0 , x i ) = i). As we know by lemma 3.3, for every l ∈ R + there is a δ such that
The function g(l) + sin((i−1)πn) sin πn l then complies to the statement of Lemma 3.4 and is thus constant. But this is impossible since for l large enough, this would imply that g(l) is negative. Consequently g cannot be strictly positive, yielding that there is a β ∈ (x 0 ) α such that also d β (x 0 , x i ) = i.
Repeating this process a finite number of times will produce an l such that d β (x 0 , x n ) = n if d(β, α) ≥ l. This implies that u β (x i−1 , x i+1 ) is zero for each i ∈ {1, 2, . . . , n − 1}, which on its turn implies that f (d(β, α)) = 0.
Remark 3.6
The above lemma can also be proved (in a possibly simpler way) using some additional notions introduced in [7] , in particular, the tree T (W ) corresponding to the "wall" W = {x 0 , x n } in Λ ∞ , but we have chosen the proof above since it avoids additional definitions. Briefly, one knows that the sector-panel (x 0 ) α intersects some element of the R-tree T (W ), say β is in this intersection. Then obviously we can put l = d(α, β).
Let us reiterate what we know about the function f defined over R + :
(O) For high enough values it is zero.
(C) The function is continuous.
(P) For every l ∈ R + there is aδ and an a l ∈ R such that f (l
where a l depends only on l, x 0 , x n and α.
Lemma 3.7 Two functions satisfying the three conditions (O), (C) and (P) (with the same a l ) are equal over R + .
Proof. Because we know that f satisfies the above conditions, we can assume that one of the functions is f , let the other be f ′ . Consider g = f ′ − f , then g is continuous, is for high enough values zero, and for every l ∈ R + there is a δ (the minimum of the twoδ related to f and f ′ ) such that g(l ′ ) = g(l) for every l ′ ∈ [l, l + δ]. Lemma 3.4 now implies that g is constant, and thus zero over R + .
This implies that f and f ′ are equal.
As a l only depends on l, x 0 , x n and α, the previous lemma has the corollary that f only depends on x 0 , x n and α, which has previously been said to imply (U4). This completes the proof of our Main Result.
The discrete case
Let (U4 ′ ) be the Condition (U4) with the additional requirement that x 0 ∈ P , and let Γ = (P, L, I) be a generalized n-gon, n ≥ 3. Suppose that (Γ, u) satisfies (U1), (U2), (U3) and (U4 ′ ), and suppose in addition that the image of u is N ∪ {∞}, the set of natural numbers, including 0, together with the element ∞. Then we say that (Γ, u) is a generalized polygon with discrete valuation. The main result of [12] says that, in this case, n ∈ {3, 4, 6} and the weight sequence (a 1 , a 2 , . . . , a n−1 , a n+1 , a n+2 , . . . a 2n−1 ) can be chosen as follows. In the cases (WS4) and (WS6), where there are two possibilities, it is proved in [12] that these weight sequences are dual to one another, i.e., if (Γ, u) has one weight sequence, then, if Γ * is the dual of Γ (obtained from Γ by interchanging the point set with the line set), then (Γ * , u) is a polygon with discrete valuation with respect to the other weight sequence.
This gave birth to the conjecture that a generalized hexagon Γ is "isomorphic" to the building at infinity of some (thick) affine building of type G 2 if and only if there exists u such that (Γ, u) is a generalized hexagon with discrete valuation and one of the two above weight sequences. The Main Result of the present paper seems to be in contradiction with this, since, applied to discrete affine buildings of type G 2 , there is only one weight sequence, namely on the point pairs with √ 3 (or do this with the valuation on line pairs), and then take a suitable multiple.
As explained earlier, one can do a similar procedure with type C 2 , as is clear from the above.
Algebraization and an example
For the types A 2 and C 2 , it is shown in [9, 10, 11, 13, 14 ] that a generalized n-gon with discrete valuation, n = 3, 4, is equivalent with the corresponding general coordinatizing structure with discrete valuation. These coordinatizing structures are "planar ternary rings" and "quadratic quaternary rings". The proofs of these equivalences can be taken over verbatim for the current situation of non-discrete valuations. This enables us to give some non-classical examples of generalized n-gons with non-discrete valuation in the current sense, and for reasons of simplicity, we restrict ourselves to the case n = 3. EXAMPLE. Let F be a field, and denote by F t the integral domain containing all formal polynomials j∈J a j t j , with J some finite subset of R + (depending on the element of F t ). Denote by F{t} the corresponding quotient field. Let σ be an automorphism of F of finite order and denote by the same symbol the automorphism of F{t} induced by σ in the natural way, i.e., ( j∈J a j t j ) σ = j∈J a σ j t j . Then | σ | is finite. With these data, and somewhat similar to Example 7.2 in [9] , we can construct an André quasifield, which, with the obvious valuation, is a quasifield with non-discrete valuation, and hence gives rise to a projective plane with non-discrete valuation which is not a Moufang plane. The details of this construction are left to the reader. These examples will only become really interesting as soon as the converse of the Main Result is proven to be true, i.e., as soon as we know that projective planes with non-discrete valuations give rise to affine R-buildings whose buildings at infinity are precisely these projective planes. This will be carried out in a future paper, where we will also come back in some more detail to the current examples.
